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Abstract. Kuperberg generalized Temperley-Lieb algebras to the s[(3) web spaces, we 
extend it to sl(n) for n > 4. We find that the HOMFLY polynomial P n (q) can be computed 
by a linear expansion with respect to the relations of the quantum sl(n) representation 
theory. We provide criterions which determine the periodicity of links by using the quantum 
sl(n) HOMFLY polynomial. 



1. Introduction 

The HOMFLY polynomial P n (q) can be calculated uniquely by the following skein rela- 
tions: 

Pn(0) = 1, 

n n 

P n (0 UD) = ( q ]~ q _ 2 1 )Pn(D), 
q* — q 2 

gf P n (L + ) - g-tp n (L_) = (qh - q-*)P n (Lo), 
where is the empty diagram, O is the trivial knot and L + , L_ and L are three diagrams 
which are identical except at one crossing as in Figure ^ [14]. For each positive integer 
n, the HOMFLY polynomial of links specializes to a one variable polynomial that can be 
recovered from the quantum sl(n) representation theory. For n = 0, we use gl(l|l) to find 
that Po(q) is the Alexander polynomial [7]. For n = 1, one can see that P±(q) = 1 for 
all links. For n = 2, /^(g) is the Jones polynomial [5,18,19]. The polynomial P n (q) can 
be computed by linearly expanding each crossing into a sum of planar cubic graphs as in 
Figure 121 [14]. The edges of these planar cubic graphs are oriented and colored by 1 or 2. 

In the language of the representation theory [9,11], the color 1 of an edge presents the 
vector representation V of the quantum sl(n), and the color 2 for its exterior power A 2 V. 
The trivalent vertex is the unique (up to scaling) intertwiner of V® 2 ® A 2 V. This setup 
works for arbitrary exterior powers of V: oriented edges of graphs carry colors from 1 to 
n — 1 that denote the fundamental representations of the quantum sl(n) [14]. Kuperberg 
generalized Temperley-Lieb algebras to sl(3) web spaces [9], In section |21 we develop the 
quantum sl(n) representation theory by extending the idea of webs in [14]. Sikora also 
found a generalization of webs to the quantum sl(n) [20]. By expanding all crossings as 
in Figures El and Murakami, Ohtsuki and Yamada found a regular isotopy invariant 
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Figure 1. The shape of L + ,L_ and L . 
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Figure 2. Expansions of crossings for P n {q). 

[D] n [14]. In section El we modify writhes suitably to define an isotopy invariant K n (L,fi) 
where fi is a coloring of L. Using the quantum sl(n) representation theory, we show K n (L, //) 
can be computed by a linear expansion with respect to the relations of web spaces in 
Theorem O 

A link L in S 3 is p-periodic if there exists a periodic homeomorphism h of order p such 
that fix(h) = S 1 , h(L) = L and fix(h) C\L = where fix(h) is the set of all fixed points of 
h. It is well known that if we consider S 3 as K U {oo}, we can assume that h is a rotation 
by 27r/p angle around the z— axis. If L is a periodic link, we denote its factor link by 
L. Murasugi [12] found a strong relation between the Alexander polynomials of a periodic 
link and its factor link. Murasugi also found a similar relation for the Jones polynomials 
of L and L [13]. Park and the first author gave a criterion for periodic knots and lens 
knots by using Vassiliev invariants [6]. There are various result to decide the periodicity of 
links [15,16,21-24]. Chbili generalized it to Ps{q) using the quantum st(3) representation 
theory and stated a conjecture that the same statement is true for P n (q) where n > 2 [1]. 
In this paper we find a positive answer after a slight modification. 

Theorem 1.1. Let p be a positive integer and L be a p— periodic link in S 3 with its factor 
link L. Let \i be a p-periodic coloring of L and Ji be the induced coloring of L. Then for 
n > 0, 



K n (L,fi) = K n (L,fi) p modulo l n , 



where X n is the ideal of'L[q ± ^\ generated by p and 
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Figure 3. Generators of the quantum sl(n) web space. 



The quantum integers are defined as 



[n] 



q2 — q 2 



<p — q 2 



[n)\ 



[n][n-l]...[2][l] 



n 



A: 



[n -£;]![&]!' 



Let us remark that even if we replace K n (L, fi) by P n (g) in Theorem 11.11 the ideal X n 
remains the same. Precisely, when we have a disjoint union of unknots after expanding 
crossings and applying relations, the colors of unknots may not be identically 1 in general. 
Chen and Le found a similar result using a different method [2], the improvements in 
Theorem 11.11 are the followings: the result is for an isotopy link invariant, p does not have 
to be prime and the ideal runs only on a finite set, the set of fundamental representations 
instead of an infinite set, the set of all finite dimensional irreducible representations of the 
quantum sl(n). 

We also give a criterion for periodic links by using the invariants K n of a link and its 
mirror image in the following theorem. 

Theorem 1.2. Let L be a p-periodic link and let L* be the link obtained from the mirror 
image of a diagram of L. Let /i be a coloring of L and /i* be the coloring of L* induced from 
the coloring fi of L. Then we have 



In section |2l we develop the quantum sl(n) representation theory. In section El we prove 
main theorems and extend Theorem II .11 to the colored sl(n) HOMFLY polynomial. 



We refer to [4, 9-11] for the general representation theory. The webs are generated by 
the two types of shapes in Figure El where i + j + k = n. At the second web in Figure El 
by using the duality, (V^J* = Vx n _ v we can change the directions of the edges to inward 
and the colors of the resulting edges to n — i, n — j and n — k. After this process, we say a 
vertex has a sign type + if the sum of the colors is n, — if the sum is 2n. The generators in 
Figure El have sign type +, — from left. Naturally we can assign a sign type for each face. 
Using relations 12. 31 and 12 .41 in Figure |3J we only need to look at the face of a valid sign type 
in which +, — are appearing alternatively. One can easily see that none of faces with odd 
numbers of edges have a valid sign type. 

A few computations of tensor products of fundamental representations show the relations 
in Figure|3](up to scaling): the quantum dimension of the fundamental representation V\ t is 



K n (L,n)=K n {L*,n*) mod (p,<f - 1). 



2. The quantum sl(n) representation theory 
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Figure 4. Relations obtained by the quantum dimension and scaling. 
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Figure 5. Two basis webs with the boundary V Xi ® V Xj © V x . © V£ . 

^ , the dimension of the invariant space of V Xi © V^* is 1 and the dimension of the invariant 
space of V Xi © V Xj © V Xk © V x \ +Xj+Xk is 1. 

2.1. Rectangular Relations. To discuss rectangular relations, we first prove the following 
lemma. 

Lemma 2.1. (1) If i < j < n — j — 1, then 

dim(inv(y Ai © Vx, © V£ © V£)) = i + 1. 
(2) If j > i > k > l,n — j — 1 > i and n — i— j — 1>1>1, then 
dim(inv(y Ai © \/ Aj+i © V£ +| © V;. )) = 2 + 1. 

Proof, li i < j < n — j — 1, we obtain the following isomorphism by the Clebsch-Gordan 
formula. 

V Xi © V Xj Va i+Aj © ^ Ai _ 1+A , +1 © • • • © ^ Al+Ai+ . © \/ Ai+3+1 . 



QUANTUM s((n,C) LINK INVARIANTS 



5 



;2.5) 



;2.6) 



3 + 1 



3 + 1 



j + k 



i-k + l 



./ k \ . 

J z + I 

\ k / J + l 



z + fc | j — k + li = 
. / i-j\k \ , m=0 



k — in 


i — in , 


< 

> j + 1 + m, 
1 > 1 






J 


j — i + in 


z + Z 


I 

k — in 


2 \ i — j + m 




j — m, 


> z + / + m, 
I > 1 





/ 



\ 



z + 1 



Figure 6. Equations in Lemma l2~21 
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Figure 7. Initial induction step k = and j > i 
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Figure 8. Initial induction step i = 0. 



For irreducible representations V,W of a. simple Lie algebra, by a simple application of 
Schur's lemma we find 



dim(Inv(V ® W*)) 



1 if V ^ W, 
ifV^W. 



These two facts imply that dim(inv(VA t ® Va^ ® V£ ® V^.)) = z + 1. Similarly one can 
prove the other. □ 

From Lemma 12 . 1| we know the number of basis webs that we need for each expansion. 
For rz — z — 1 > j > z > 0, we can have two sets of basis webs and each has the same sign 
type as in Figure El Throughout the section we will use the basis in the left hand side of 
Figure 03 There are only two possible types of rectangular relations as in Lemma 12.21 all 
other can be taken care of by relations 12. HI and 12 .41 in Figure |U The equation l2.5l in Lemma 
]21was appeared in [14] without a proof. 



Lemma 2.2. For n — i — l>j>i>k>0 and n — z — j — 1 > I > 0, we find equation \2.,5\ 
in Figure® Forn — j — l>i>j>k>l and rz — z' — j — !>/>!, we find equation \2.b\ in 
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Figure 10. 



Figure Just for these two equations, we use a different convention of quantum integers 
"0" 
k 



that 



1 but 



Oifk^O. 



Proof. Let a(i, m) be the coefficients in the righthand side of the equations. We induct on 
(mm{i, j}, k) in lexicographic order. The key idea is to prove both equations simultaneously. 
If k — and j > i, we find the equation in Figure For the case k = and i > j, it is 
identical except the weight on the horizontal arrow is replaced by the weight % — j of the 
opposite direction. For i = 0, we find the equations in Figure |S1 One can do for the case 
j = similarly. □ 

Now we proceed to the induction step. Let us look at the case n — i — 1 >j>i>k>0, 
n — i — j — 1 > Z > 0. On the top of each web in equations 12.51 and 12.61 in Figure El we can 
attach i different if's, given in Figure El where % > s > 1. If s = i, we can easily get 
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From the case s — 1, we find that the left hand side of equation 12.61 can be changed 
as the equations in Figure ITU1 We use the induction hypothesis to find that each term in 
right hand side of equation 12.61 can be transformed as the equations in Figure ^2 where 
a = [—i + j + 1 + m + 1] , (3 — 1 and 7 = [—i + j + m + 1] . By comparing coefficients of each 
basis element, we get i equations 
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j + / + m + 1 



[-i + j + k + 1] 



l + l 

k-t 



= a(i, t) [-i+j + t + l] + a(i, t + 1) [-i + j + I + t + 2], 



where i — 1 > t > 0. Since these i + 1 equations are independent, we plug in the answer to 
equations to check these are correct. One can follow the proof for the second case. 

2.2. The quantum sl(n) skein modules. The authors have been trying to find a complete 
relation of the quantum of sl(n) representation theory, but we find that the bigger n, the 
bigger the size of a polygon we have to find a suitable relation: there are a rectangular 
relation for the quantum of sl(3), a hexagonal relation for the quantum of st(4) and an 
octagonal relation for the quantum of st(6). In particular, it was conjectured a complete 
set of relations for the quantum sl(4) representation theory [8]. For large n, we find the 
following remark. 

Remark 2.3. We conjecture that any 2n polygon of the sign type (+, —,+,...,—) can be 
expanded to a sum of webs of polygons of smaller sizes and 2n polygons of the sign type (—, 
+, +)■ 

Somehow the study of the quantum sl(n) representation theory is not complete yet, but 
we can prove the following theorem. 

Theorem 2.4. The quantum sl(n) skein module of the plane or sphere has dimension 1. 

Proof. If we look at these webs without decorations, they are directed, weighted, trivalent 
planar graphs. We will consider these graphs are on § 2 instead of 1R 2 . Let V, E and F be 
the number of vertices, edges and faces in a graph on S 2 , respectively. Let be the number 
of faces with i edges. We can easily find the following equations: 
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3V = 2E 
2=V-E+F 
(2.7) 2E = J2 i iF i 

Throughout the section all webs are assumed to be without boundary unless we state 
differently. We will show the dimension of the space of webs without boundary is 1. Suppose 
it is not true, then there exists a web which is not an element in C[g2 ; g~2] ; say D. We 
assume that D has the smallest number of faces among all counterexamples. Since a face 
of size less than 4 can be removed by using relations we found in Figure EJ we will assume 
that all faces in D have at least 4 edges and we further assume that D has the maximum 
number of rectangular faces. 

Lemma 2.5. If there exists a pentagonal face in D, it is adjacent to a unique rectangular 
face. 

Proof. It is easy to see that there are no two adjacent rectangular faces by considering 
Figure El Thus if a pentagon is not adjacent to a rectangle, the sizes of all adjacent faces of 
the pentagon are bigger than 5 because an adjoint pentagon can be changed to a rectangle. 
By applying relations 12.31 and 12.41 in Figure |U to the pentagonal face, it can be changed to a 
rectangle without changing the total number of faces in D but increasing the number of the 
rectangles by 1. This contradicts the maximality of the number of the rectangular faces. 
Therefore, it must be adjacent to a rectangle. There are five possible shapes which can be 
obtained from the web in Figure ^] by ^ rotation. By applying equations in Lemma 12.21 
one can see that any two out of these five shapes are related as the equation in Figure fHfl 
Therefore, the adjacent rectangle is unique. □ 

A rectangular face is called isolated if the sizes of all adjacent faces (after making valid sign 
types) are bigger than 5. Otherwise, it is adjacent to the unique pentagon by Lemma 1231 
Now we will look at the neighborhood of each isolated rectangular face in subsection 12.2.11 
and obtain the following inequality. 



4F 4 <3F 7 + 4F 8 + 4F 9 + 5F 10 + 5F n + ...+ [*\F n + ..., 
5F 4 < 4F 7 + 5F 8 + 5F 9 + 7F W + 7F n + . . . + nF n + . . . , 

for n > 12. 

By looking at the neighborhood of a pentagon adjacent to a unique rectangle, we find 
the following inequality in subsection 12.2.21 

Tl 

5(F 5 + F 4 ) < 4F 8 + 4F 9 + 5F 10 + 5F n + . . . + [-\F n + . . . . 



Now let us proceed to the proof. By combining these two inequalities and the inequality, 



{n — 6) > \n for all n > 12, we get the following inequality. 
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Figure 12. A valid shapes of a pentagon face. 




webs which have 
at most one face 



Figure 13. Pentagonal relations. 



5F 5 + 10F 4 < 3F 7 + 9F 8 + 9F 9 + 12F 10 + l2F n 
+ ... + (n+LfJ)F n + ..., 
2F 4 + F 5 < 1F 7 + 2F S + 3F 9 + 4F 10 + 5F U 
(2.8) +... + (n-6)F n + .... 

Then, 

6F = 6F 4 + 6F 5 + 6F 6 + 6F 7 + 6F 8 + . . . + 6F n + . . . 
< 4F 4 + 5F 5 + 6F 6 + 7F 7 + 8F 8 + . . . + nF n + . . . = 2E. 
If we plug this inequality into equations 12.71 we find a contradiction as 

2 = V-E + F<-E-E + -E = 0. 

~ 3 3 

Therefore, this completes the proof. 

□ 

2.2.1. Isolated rectangular faces. From Lemma 12*31 we know all adjacent faces are either 
hexagons or bigger polygons. Moreover, all adjacent hexagonal faces must have a valid sign 
type (otherwise, they become two adjacent rectangular faces). We will divide cases with 
the number of adjacent hexagonal faces. If there is no adjacent hexagonal face, then it is 
surrounded by at least four faces of sizes bigger than or equal to 8 and 

n 

4F 4 <4F 8 + 4F 9 + ...+ L-JF„ + .... 
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Figure 15. Two non-adjacent hexagons in the neighborhood of the rectangle. 

If there is just one hexagonal face, Lemma 12.21 allows us to change a rectangular face 
to the sum of rectangular (or less) faces with the opposite sign type, this forces a change 
which is called a swapping of the rectangle and the hexagon as in Figure El without any 
restrictions on the sizes of neighbor faces. If there is only one hexagon in the neighborhood 
of the rectangle after a swapping, then we find the desired inequality as the sizes of faces 
indicated by numbers in Figure If there are more than one hexagon, it will be dealt in 
the next cases. 

If there are two adjacent hexagonal faces, there are also two possibilities: If these two 
hexagons are adjacent, the rectangular face can be changed into two rectangles which con- 
tradicts the hypothesis that D has the maximum number of rectangles as in Figure 
If these two hexagons are not adjacent each other, then we can continue to swap and we 
repeat the process at the new rectangle. Since there are only finitely many faces, it stops 
at finite steps. By tracing the swap moves, we find that it is just like in Figure For all 
other cases, we must have at least two adjacent hexagons. However, it can be expanded 
into a sum of webs which has either less faces or more rectangular faces as shown in Figure 
El which contradict the hypothesis of D. 

As we have seen, for each rectangular face, there are at least four polygons which have 
more than seven faces. It is easy to see that for each face of size n > 7, there are at most 
^ (or 2=2) rectangular faces which can travel by swapping moves to the given face if n is 
even (or odd, respectively). Therefore, we get the inequality we desired. 

2.2.2. Pentagonal face with a unique adjacent rectangular faces. We will treat these two 
adjacent polygons as a pentagon in this subsection. 

Lemma 2.6. The size of all adjacent polygons must be bigger than 7. 



QUANTUM s((n,C) LINK INVARIANTS 



11 




7+ 



6 H 



Figure 16. Two adjacent hexagons in the neighborhood of the rectangle. 



Proof. First we already know these polygons can be neither rectangles nor pentagons. Sup- 
pose one of them is either a hexagon or a heptagon. Either case, we transform the shapes 
of these polygons that the rectangular face is adjacent to the hexagon (now rectangle has 
a valid sign type, we can change the heptagon to a hexagon). By the relation in Figure IT31 
we assume the hexagonal face is adjacent to the rectangular face. Then as we have seen in 
Figure El the rectangle can be separated from the pentagon. Then the remaining pentagon 
can be changed to a rectangle which contradict the maximality of the number of rectangles 
in D. □ 

One can easily find the following inequality. 

Ti 

5(F 5 + F 4 ) < 4F 8 + 4F 9 + 5F 10 + 5F U + . . . + [- \F n + . . . . 
3. Link invariants 

When links are decorated by the fundamental representations V\ i of the quantum sl(n), 
denoted by i, Murakami, Ohtsuki and Yamada [14] found a quantum invariant for framed 
links by resolving each crossing in a link diagram D of L as shown in Figures El and ITH1 

For negative crossings, we replace q with q^ 1 . P„(q) is the special case of q~^ D '^[D] n , 
when all components are colored by the fundamental representation V\ 1 . They showed 
that P n (q) is an isotopy invariant and that [D] n is a regular isotopy invariant for other 
colorings [14]. However, one can make it a link invariant by using a suitable writhe but we 
have to be careful since there are more than one colors. For a coloring fi of a diagram D 
of a link L, we first consider a colored writhe u>i(D) as the sum of writhes of components 
colored by i. Then we set 

nt 7~, \ i(n— i+l) 
q-^ D) ^^[D] n , 

i 

where the product runs over all colors i. 

Theorem 3.1. K n (L,fi) is an isotopy invariant of a link L, i.e, invariant under Reider- 
meister moves J, II and III . 

Proof. By Theorem 12.41 we know K n (L,fi) is well defined. It was shown that [D] n is a 
regular isotopy invariant [14], so is K n (L,fi). One can find the equations in Figure HTH bv 
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Figure 17. Skein expansion case 1 : j > i. 
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Figure 18. Skein expansion case 2 : j < i. 



relation 
I. 




i(ft— i+1) 

q 5 




i(n — i+1) 

q 2 



Figure 19. Resolving Reidermesiter move I. 

and a routine induction. Then K n (L,fi) is invariant under Reidermeister move 

□ 



3.1. Proof of Theorem II. 1L Let \x be a p-periodic coloring of L. Let R be the fundamental 
region by the action h. Let C be the set of all crossings of L and let C be the set of all 
crossings in the region R. Let i(c) and j(c) be the weights of two components at the crossing 
c as in Figures IT7I and ITB1 Let J(c) be the minimum of z(c) and j(c) for the crossing c. 
Let D be the diagram after the expansion by the equations in Figures El and El Let D' 
be the diagram obtained by identical expanding of the crossings which are the same by the 
action h and D" be the diagram obtained from D' by identical applications of relations at 
the faces which are in the same orbit by the action h. If any expansion of crossings occurs 
in R, it must be used identically for all other p — 1 copies of R. Otherwise there will be 
p identical shapes by the rotation of order p, then it is congruent to zero modulo p. This 
implies the first congruence in equation 13.11 By the same philosophy, if any expansion of 
relations occurs in R, it must be used identically for all other p — 1 copies of R. Otherwise it 
is congruent to zero modulo p and this implies the second congruence. Let us remark that 
we have not used relations that might occur in the faces which are not entirely contained 
in R. If there is an unknot in D" which was in D", there are p copies in D". Thus raising 
p-power gives us the equality. But if there is an unknot in D" which was not in D", it 
should be counted once in D" and D", thus we have to use X n congruence. 
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where D" = D" /7* p , Z p is generated by the action h, and T n is the ideal of Z[g ± 2] gen- 



erated by p and 
st r aight f or war d . 



for i — 1,2, . . . , LfJ- The following congruences should be 



= II ^{{-^) k+m+im h^[D]nY (mod p) 

c£C k=0 

-(nE(- i ) fe+W5)+i)j( " ) ^[^«) p ( m ° d p) 

c£C k =0 

= (K n (L,Jl)) p (mod p) 

Next, we will extend Theorem II .11 to the colored sl(n) HOMFLY polynomial of a periodic 
link whose components are colored by irreducible representations of quantum sl(n). For a 
given colored link L of I components say, Li, L 2 , . . . , Li, where each component Li is colored 
by an irreducible representation V a(i)lAl+a(i)2A2+ ... +a(i)ri _ lAn _ 1 of sl(n) and Ai, A 2 , . . . , A„_i are 
the fundamental weights of sl(n). The coloring is denoted by /i = (a(l)iAx + a(l) 2 A 2 + . . . + 
o(l) n _iA n _i,a(2)iAi + o(2) 2 A2 + . • . + a(2) n _iA n _i, . . . , a(l) 1 \ 1 + a(l) 2 \ 2 + . . . + a(Z) n -iA n -i). 
First we replace each component Lj by a(i)\ + 0,(1)2 + ■ ■ ■ + a(z) n _i copies of parallel lines 
and each a(i)j line is colored by the weight Xj. Then we put a clasp of weight (a(z)iAi + 
a(i) 2 A 2 + . . . + a(i) n _iA n _i) for Lj. If we assume the clasps are far away from crossings, 
we expand each crossing as in Figure IT7I and ITH1 then clasps [25]. The value we find after 
removing all faces by using the relations is the colored sl(n) HOMFLY polynomial G n (L, //) 
of L. 

Theorem 3.2. Let p be a positive integer and L be a p— periodic link in S 3 with the factor 
link L. Let fi be a p-periodic coloring of L and JI be the induced coloring of L. Then for 
n>2, 



G n (L, //) = G n (L, jj) p modulo X, 
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where L is the factor link andX n is the ideal of r L[q ± "i} generated by p and 
< = l,2,...,LiJ. 

Proof Since all clasps are idempotents, we put p-copies of clasps to each copy of the funda- 
mental region by the action h of the periodicity of L. Thus without expanding the clasps, 
we obtain the theorem by the same idea of the proof of the Theorem 11.11 □ 

3.2. Proof of Theorem 11.21 For a colored link diagram D we denote its mirror image by 
D* which is the colored link diagram obtained from D by changing all of the crossings. We 
study another necessary condition for a colored link to be periodic by using the invariant 
K n (L,q). Let L be a colored link diagram with a crossing x. Let L + , L_, and Lq be the 
link diagrams obtained by resolving the crossing x as shown in Figure 0] respectively. Then 
from the Figure IT71 O we see that there exist web diagrams L 1( • • • , L m and polynomials 
/i) • • • j fm G Zll^ 1 } f° r some positive integer m such that 

[L+] n - [L-] n = (q* - q-^)(f 1 [L 1 ] n + ■■■ + f m [L m ) n ). 

In particular, by applying this relation repeatedly for a colored periodic link we obtain 
the following lemma. 

Lemma 3.3. For a colored p -periodic link diagram D and its mirror image D* , we have 

[D] n = [D*] n mod (p,q p -l). 

Proof Let 7r be the quotient map of h and D be the factor link of D. Then 7r _1 (D) = D. 
We fix a crossing x for a nontrivial diagram D, and let D + and D_ be the colored link 
diagram obtained by changing the crossing a; to a positive crossing and a negative crossing 
respectively. 

Let Di, • ■ ■ , D m be web diagrams and let /i, • - • , f m G Z[q ±7 i] be polynomials for some 
positive integer m such that 

[D + ] n - [D_] n = (g3 - g-fyAfDik + ■ ■ • + f m [D m ] n ). 

Then by considering the periodic action induced from the map h, we find the following 
congruence relation. 

= (ff* - <T*) p (/f K'm^ + ■■■ + f m [n-\D m )] n ) mod (p) 
= mod (p, q p — 1). 

Since [n~ l (D + )] n = [-K~ l (D_)] n mod (p,q p — 1) for each crossing of D and since there 
are finitely many crossings in 7r _1 (Z)), we see that [7r _1 (Z})] n = [-k~ 1 (D )\ n mod (p, q p — 1), 
where D is the mirror image of D. Therefore we have 

[D] n =[D*] n mod (p,q p -l). 

□ 
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Now, we are ready to prove Theorem 13. 21 For a tangle T, we denote its closure by CL(T) 
if it is well defined. Let L be a p-periodic link and T be a tangle such that L is the closure 
Cl(T p ) of the tangle T p which is p times self-product of T. Let D be a diagram of L and x 
be a crossing of the diagram D. Let T + and T_ be the diagram obtained from the diagram 
of T by changing the crossing x to a positive crossing and negative crossing respectively. If 
the two colorings of the strands near the crossing x are different then by using Lemma f3. 31 
we see that 



K n (Cl{(T + )*),ri -K n (Cl{{Tj) p ),,i) 

= n j g--^) i ^([C7((T + n] n - [Ci((T_)*)] B ) 
= mod (p, q p — 1). 

If two colorings of the strands near the crossing x are equal, say i, then Wi(Cl((T + ) p )) = 
Wi(Cl((T + ) p )) + 2p. Then we see that there exist a polynomial g G Zfg^] such that 

K n (Cl((T + ) p ),fi)-K n (Cl((T_) p ),ri 
= g{[Cl{(T + ) p )] n - q p ^- i+1 \Cl((T_) p )} n ) 
= mod (p, q p — 1). 

The last congruence relation in the above formulae can be obtained by using Lemma \3. 31 
Thus we see that 

K n {Cl{{T + Y)^)=K n {Cl{{TJ) p )^) mod (p,<f -1). 

Since T can be obtained from its mirror image T* by a finite sequence of crossing changes, 
we get 

K n (L,fi)=K n (L*,fi*) mod (p,q p -l). 
It completes the proof the theorem. 
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